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Abstract
We study the notion of strong integrability for classically integrable λ-deformed CFTs
and coset CFTs. To achieve this goal we employ the Poisson brackets of the spatial
Lax matrix which we prove that it assumes the Maillet r/s-matrix algebra. As a con-
sequence the system in question are integrable in the strong sense. Furthermore, we
show that the derived Maillet r/s-matrix algebras can be realized in terms of twist
functions, at the poles of which we recover the underlying symmetry algebras.
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1 Introduction and conclusions
A two-dimensional σ-model is integrable provided that its equations of motion can be
packed into a flat Lax connection1
∂+L− − ∂−L+ = [L+, L−] , L± = L±(τ, σ; z) , z ∈ C , (1.1)
where z is a spectral parameter and L± are the Lie algebra valued L± = LA±tA Lax ma-
trices. The tA’s are the generators of a semi-simple Lie algebra satisfying the following
normalization and commutation relations
Tr (tAtB) = δAB , [tA, tB] = fABC tC ,
where the structure constants fABC are purely imaginary. Using (1.1), we can design
the monodromy matrix
M(z) = Pexp
∫ ∞
−∞
dσ L1 , L1 = L+ − L− ,
1 The worldsheet coordinates σ± and (τ, σ) are related by
σ± = τ ± σ , ∂0 = ∂+ + ∂− , ∂1 = ∂+ − ∂−
and ∗dσ± = ±dσ± or ∗dσ = dτ, ∗dτ = dσ in Lorentzian signature.
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which is conserved for all values of z, i.e. ∂0M(z) = 0. Expanding the monodromy
matrix introduces infinite conserved charges which a priori are not in involution.
Following [1], we compute the equal time Poisson brackets of L1
{L(1)1 (σ1; z), L(2)1 (σ2;w)}P.B. = {LA1 (σ1; z), LB1 (σ2;w)}P.B. tA ⊗ tB , (1.2)
where the superscript in parenthesis specifies the vector spaces on which the matrices
act.2 It was proven in [2,3], that the conserved charges are in involution provided that
the brackets assume the r/s-Maillet form
{L(1)1 (σ1; z), L(2)1 (σ2;w)}P.B. =
(
[r−zw, L
(1)
1 (σ1; z)] + [r+zw, L
(2)
1 (σ2;w)]
)
δ12 − 2szwδ′12 ,
(1.3)
where δ12 = δ(σ1− σ2), δ′12 = ∂σ1δ(σ1− σ2) correspond to ultralocal and non-ultralocal
terms, respectively. The r±zw = rzw ± szw are matrices on the basis tA ⊗ tB which
depend on (z,w) and as a consequence of the anti-symmetry of the Poisson brackets, it
follows that r+zw + r−wz = 0. A sufficient condition for the Poisson structure to satisfy
the Jacobi identity is the (non-dynamical) modified Yang–Baxter (mYB) relation
[r
(13)
+z1z3
, r
(12)
−z1z2 ] + [r
(23)
+z2z3
, r
(12)
+z1z2
] + [r
(23)
+z2z3
, r
(13)
+z1z3
] = 0 . (1.4)
A consequence of the non-ultralocal terms is that the Poisson brackets for the mon-
odromy matrix are not well defined. Nevertheless, it is possible to regularize the
Poisson brackets by using a generalized symmetric limit procedure [2, 3] arising at
{M(1)(z),M(2)(w)}P.B. = [rzw,M(z)⊗M(w)]+M(1)(z) szwM(2)(w)−M(2)(w) szw M(1)(z) .
Let us also note that the vanishing of the Poisson brackets of Tr (Mm(z1))with Tr (M
n(z2))
(m, n are positive integers) is independent of the regularization scheme [2, 3].
In this work we focus on the strong integrability of a class of two-dimensional
integrable σ-models, known as λ-deformations. The prototype class of integrable de-
2 In particular
N(1) = NAtA ⊗ 1 , N(2) = NA1⊗ tA
n(12) = nABtA ⊗ tB ⊗ 1 , n(23) = nAB1⊗ tA ⊗ tB , n(13) = nABtA ⊗ 1⊗ tB ,
for arbitrary vector N = NAtA and tensor n = nABtA ⊗ tB.
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formations was constructed in [4] for semi-simple group and coset spaces; the SU(2)
example was first found in [5]. This work was further developed for symmetric coset
spaces in [6] and generalized to semi-symmetric coset spaces and applied to integrable
deformations of the AdS5 × S5 superstring in [7]. Broadly speaking, this class of inte-
grable deformations describes perturbations of WZW or gauged WZW models with
current or parafermion bilinears, on group or symmetric cosets, respectively. Our
present focus is to study their Maillet algebra and to prove that the conserved charges
are in involution. The assumed r/s-Maillet form (1.3), can be expressed in terms of a
meromorphic function, known as a twist function, at the poles of which one unveils
the underlying symmetry algebra. Finally, the aforementioned r/s-Maillet form is the
first step towards the quantization of this class of integrable deformations. These serve
as the main motivations for the present work.
The plan of the paper is as follows: In Sec. 2, we work out the strong integrability
for group spaces. We initiate our study by revisiting a known example, namely the
isotropic λ-deformed model (§ 2.1). Next we focus on λ-deformations of two current
algebras at unequal levels (§ 2.2). In Sec. 3, we shift gears and we consider the strong
integrability for coset spaces. Contrary to the group spaces the r/s-Maillet form is sa-
tisfied in the weak sense as we need to include first class constraints which are related
to the residual gauge invariance of the subgroup. At first we revisit the symmetric
coset case in (§ 3.1) and then we move on to the λ-deformed Gk1 × Gk2/Gk1+k2 (§ 3.2).
Finally in Sec. 4, we provide the r/s-Maillet form of the most general λ-deformed
models consisting of n commuting copies current algebras, at different levels.
The goal of this paper is to study the notion strong integrability for classically
integrable λ-deformed CFTs and coset CFTs. To achieve this goal we prove that the
spatial Lax realizes the r/s-Maillet form [2, 3]. In the coset cases, we have two choices
to attack the problem. One may either employ the first class constraints, related to the
residual gauge symmetry in the subgroup, or use second class constraints by strongly
imposing the constraints and projecting to the coset. In this work we employed the
first class constraints. It would be very interesting to study the coset cases by imposing
the second class constraints. This computation would require an extension of the r/s-
Maillet form (1.3), in order to also include the antisymmetric step function – resulting
from a Dirac analysis of the second class constraints.
3
2 Group spaces
In this section we work out the r/s-Maillet form for the isotropic group case at equal
and unequal levels. In the equal level case, we review the construction in [8] as a
warm up for the unequal level case.
2.1 The isotropic group space
We first revisit a known example where the above formalism has been already ap-
plied in detail. We consider the isotropic λ-deformed model which is known to be
integrable, with action given by [4]
Sk,λ = SWZW,k(g) +
k
π
∫
∂B
d2σ Tr
[
J+
(
λ−1 − DT
)−1
J−
]
, (2.1)
where SWZW,k(g) is the WZWmodel at level k of a group element g ∈ G
SWZW,k(g) =
k
2π
∫
∂B
d2σTr[∂+g
−1∂−g] +
k
12π
∫
B
Tr[g−1dg]3 , (2.2)
and
JA+ = −i Tr
[
tA∂+gg
−1
]
, JA− = −i Tr
[
tAg
−1∂−g
]
, DAB = Tr
[
tAgtBg
−1
]
. (2.3)
For an isotropic coupling, namely λAB = λ δAB, the equations of motion of (2.1) take
the form [4, 6]
∂±A∓ = ± 1
1+ λ
[A+, A−] , (2.4)
where
A+ = i
(
λ−11− D
)−1
J+ , A− = −i
(
λ−11− DT
)−1
J− . (2.5)
The above system of equations admits a flat Lax connection (1.1) with
L± =
2
1+ λ
z
z∓ 1A± , z ∈ C . (2.6)
Using the above we can build the spatial Lax matrix
L1 = − 2z(1+ λ)(1− z2)
(
(1− z)A− + (1+ z)A+
)
. (2.7)
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To evaluate (1.2), we need the Poisson brackets of A±. These can be evaluated by
expressing the gauge fields in terms the currents J± and by using two commuting
copies of the current algebra [9, 10]
{JA±(σ1), JB±(σ2)}P.B. =
2
k
(
fABC J
C±(σ2)δ12 ± δABδ′12
)
,
{JA±(σ1), JB∓(σ2)}P.B. = 0 ,
(2.8)
where the currents J± are given in terms of A± as [6, 11]
J± = λ−1A± − A∓ . (2.9)
Employing the above into (1.3), we find [8]
r±zw → r±zw Π , Π = ∑
A
tA ⊗ tA ,
r+zw = −2e
2(1+ z2 + x(1− z2))zw
(z− w)(1− z2) , r−zw = −r+wz ,
where: x =
1+ λ2
2λ
, e =
2λ√
k(1− λ)(1+ λ)3 ,
(2.10)
while the mYB equation (1.4) is also satisfied. In addition, we note that the above
expressions are invariant under the symmetry of the model
λ→ λ−1 , k → −k . (2.11)
The above result (2.10), can be written in terms of a twist function ϕλ(z) [12]
3
r+zw = − 2
z−1 − w−1 ϕ
−1
λ (z
−1) , (2.12)
where
ϕ−1λ (z
−1) = −e2 1+ x+ z
2(1− x)
1− z2 . (2.13)
The twist function is a meromorphic one having poles of order one at
ϕ−1λ (z
−1) = 0 =⇒ z± = ±1+ λ
1− λ , (2.14)
3 To get rid of the unphysical pole at z = 0, we have transformed z→ z−1.
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provided that λ 6= 0, otherwise the expressions trivialize to zero and the non-ultra
local term δ′12 is removed [13]. Evaluating the spatial Lax matrix (2.7) and szw at the
poles we obtain
L1(z±) = ±J± , sz±z± = ∓
1
k
, sz±z∓ = 0 . (2.15)
Using the above in the Maillet brackets (1.3), we readily obtain the current algebra
(2.8).4
Next, we focus on two interesting zoom-in limits of the λ-deformedmodel, namely
the non-Abelian T-dual of the PCM and the pseudo-dual chiral models. In the non-
Abelian T-dual model, we expand λ around one [4]
λ = 1− κ
2
k
, k ≫ 1 , (2.16)
yielding a twist function
ϕ−1κ (z−1) = −
1
κ2
1
1− z2 , (2.17)
which coincides with the results for the non-Abelian T-dual model in section 4.3.2
in [19], by identifying K = κ2 and transforming z → z−1. This is also in agreement
with the PCM result Eq.(35) in [3]5, by identifying γ = 2/κ2 and transforming z→ z−1.
In the pseudodual chiral model, we expand λ around minus one [14]
λ = −1+ b
2/3
k1/3
, k ≫ 1 , (2.18)
yielding a twist function
ϕ−1b (z
−1) = − 4
b2
z2
1− z2 . (2.19)
Note that, this twist function is basically the same as the one in (2.17) for PCM as
expected, since the pseudo-chiral and PCM models have their equations of motion
and the Bianchi identities exchanged.
4The rzw terms do not contribute as either they identically vanish or the commutators in (1.3) vanish
when they are evaluated at different poles or equal poles, respectively.
5This is expected since the PCM model is canonically equivalent to its non-Abelian T-dual [15–17].
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2.2 The isotropic deformation at unequal levels
Let us consider λ-deformations of the direct product of two current algebras at levels
k1 and k2. This model is described through [18]
Sk1 ,k2;λ1,λ2 = SWZW,k1(g1) + SWZW,k2(g2)+
+
1
π
∫
∂B
d2σ Tr
[
(J1+ J2+)
(
k1Λ21λ1D
T
2 λ2 k2λ0Λ21λ1
k1λ
−1
0 Λ12λ2 k2Λ12λ2D
T
1 λ1
)(
J1−
J2−
)]
,
(2.20)
and
Λ12 = (1 − λ2DT1 λ1DT2 )−1 , λ0 =
√
k1
k2
, (2.21)
where Ji± = J±(gi) ,Di = D(gi), with gi ∈ G , i = 1, 2. We choose without loss of
generality that k2 > k1, so that λ0 < 1. For isotropic couplings, namely (λ1,2)AB =
λ1,2 δAB, the equations of motion of (2.20) take the form [18]
∂±A∓ = ±1− λ
∓1
0 λ1
1− λ21
[A+, A−] , ∂±B∓ = ±1− λ
±1
0 λ2
1− λ22
[B+, B−] , (2.22)
where
A+ = i(1 − λ1λ2D1D2)−1λ1(λ0 J1+ + λ2D1 J2+) ,
A− = −i(1 − λ1λ2DT2DT1 )−1λ1(λ−10 J2− + λ2DT2 J1−) ,
B+ = i(1− λ1λ2D2D1)−1λ2(λ−10 J2+ + λ1D2 J1+) ,
B− = −i(1− λ1λ2DT1DT2 )−1λ2(λ0 J1− + λ1DT1 J2−) .
(2.23)
The corresponding Lax matrices read
L± =
2z
z∓ 1
1− λ∓10 λ1
1− λ21
A± , L̂± =
2w
w∓ 1
1− λ±10 λ2
1− λ22
B± , (z,w) ∈ C . (2.24)
To evaluate (1.2), we need the Poisson brackets of (A±, B±)which can be expressed in
terms of two commuting copies of the current algebras
{JAi±(σ1), JBj±(σ2)}P.B. =
2
ki
δij
(
fABC J
C
i±(σ2)δ12 ± δABδ′12
)
,
{JAi±(σ1), JBj∓(σ2)}P.B. = 0 ,
(2.25)
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where the currents are given by [18]
J1+ = λ
−1
0 λ
−1
1 A+ − A− , J1− = λ−10 λ−12 B− − B+ ,
J2+ = λ0λ
−1
2 B+ − B− , J2− = λ0λ−11 A− − A+ .
(2.26)
Employing the above into (1.3) we find
r±zw → r±zw Π , rˆ±zw → rˆ±zw Π , Π = ∑
A
tA ⊗ tA ,
r+zw =
4λ1zw(−2zλ1 + λ0(z+ 1+ (z− 1)λ21))(−2zλ1 + λ−10 (z− 1+ (z+ 1)λ21))√
k1k2(z− w)(1− z2)(1− λ21)3
,
rˆ+zw =
4λ2zw(−2zλ2 + λ−10 (z+ 1+ (z− 1)λ22))(−2zλ2 + λ0(z− 1+ (z+ 1)λ22))√
k1k2(z− w)(1− z2)(1− λ22)3
,
r−zw = −r+wz , rˆ−zw = −rˆ+wz . (2.27)
We have checked that indeed the mYB equations (1.4) are satisfied. Let us also note
that (2.27) is invariant under the symmetry [18]
λ1 → λ−11 , λ2 → λ−12 , k1 → −k2 , k2 → −k1 (2.28)
and that it matches (2.10) for equal levels. This is so because as was shown in [20]
the model with k1 = k2, constructed in [21], is canonically equivalent to two single
λ-deformed models.
The above results could also be written in terms of two twist functions (ϕλ, ϕ̂λ) as
in (2.12), with
ϕ−1λ (z
−1) =
2λ1(−2zλ1 + λ0(z+ 1+ (z− 1)λ21))(−2zλ1 + λ−10 (z− 1+ (z+ 1)λ21))√
k1k2(1− z2)(1− λ21)3
,
ϕ̂−1λ (z
−1) =
2λ2(−2zλ2 + λ−10 (z+ 1+ (z− 1)λ22))(−2zλ2 + λ0(z− 1+ (z+ 1)λ22))√
k1k2(1− z2)(1− λ22)3
.
(2.29)
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These meromorphic twist functions have single poles at
z+ =
1− λ21
1− 2λ0λ1 + λ21
, z− = − 1− λ
2
1
1− 2λ−10 λ1 + λ21
,
zˆ+ =
1− λ22
1− 2λ−10 λ2 + λ22
, zˆ− = − 1− λ
2
2
1− 2λ0λ2 + λ22
,
(2.30)
provided that λ1,2 6= 0, otherwise the expressions trivialize to zero and the non-ultra
local term δ′12 is removed [13]. The poles in (2.30) are of order one, provided that
λ1,2 6= λ0, λ−10 otherwise they become of order two. Assuming they are of order one,
one can evaluate the spatial Lax matrices and (szw, sˆzw) at the poles to obtain
L1(z+) = J1+ , L1(z−) = −J2− , L̂1(zˆ+) = −J1− , L̂1(zˆ−) = J2+ , (2.31)
sz+z+ = −
1
k1
, sz−z− =
1
k2
, sz±z∓ = 0 , sˆzˆ+ zˆ+ =
1
k1
, sˆzˆ− zˆ− = −
1
k2
, sˆzˆ± zˆ∓ = 0 .
Using the above expressions in the Maillet brackets (1.3), we readily obtain the current
algebra (2.25).
Let us now analyze the particular case in which λ1 = λ0 = λ2. At that point the twist
functions have poles of order two at z = 1 and zˆ = −1. Upon evaluating the spatial
Lax matrices and szw, sˆzw at these poles we obtain that
L1 =
1
k1 − k2 (k1 J1+ + k2 J2−) , L̂1 = −
1
k1 − k2 (k1 J1− + k2 J2+) ,
szz = − 1
k1 − k2 , sˆzˆzˆ =
1
k1 − k2 .
(2.32)
Using the above in the Maillet brackets (1.3), we obtain two copies of a current algebra
at level k2 − k1
{LA1 (σ1), LB1 (σ2)}P.B. =
2
k1 − k2
(
fABC L
C
1 (σ2) δ12 + δAB δ
′
12
)
,
{L̂A1 (σ1), L̂B1 (σ2)}P.B. =
2
k2 − k1
(
fABC L̂
C
1 (σ2) δ12 + δAB δ
′
12
)
.
(2.33)
These current algebras are realised at level k2−k1. This is in resonance with the fact
that the fixed point in the IR when λ1 = λ0 = λ2 is given by the CFT
Gk1×Gk2−k1
Gk2
×
Gk2−k1 [18].
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3 Coset spaces
In this section we first revisit, as a warm up, the construction of [12] of the r/s-Maillet
form for the symmetric coset Gk/Hk case. Then we proceed to find the same form for
the coset Gk1 × Gk2/Gk1+k2 .
3.1 The isotropic Gk/Hk symmetric coset space
Let us consider a semi-simple group G and its decomposition to a semi-simple group
H and a symmetric coset G/H. Consider now the action (2.1) for a coupling matrix
λAB with elements λab = δab and λαβ = λ δαβ, which is known to be integrable [6].
The subgroup indices are denoted by Latin letters and coset indices by Greek letters.
The restriction to symmetric cosets amounts to structure constants with fαβγ = 0. The
equations of motion of (2.1), simplify to [6]
∂+A− − ∂−A+ = [A+, A−] + λ−1[B+, B−] ,
∂±B∓ = −[B∓, A±] ,
where: A± = Aa±ta , B± = Bα±tα ,
(3.1)
and the corresponding Lax matrices reads
L± = A± +
z±1√
λ
B± , z ∈ C . (3.2)
Using the above we construct the spatial Lax matrix
L1 = A+ − A− + 1√
λ
(
zB+ − z−1B−
)
. (3.3)
To evaluate (1.2), we split the algebra (2.8) into subgroup and coset components
{ja±(σ1), jb±(σ2)}P.B. =
2
k
(
fabc j
c±(σ1) δ12 ± δab δ′12
)
,
{Jα±(σ1), Jβ±(σ2)}P.B. =
2
k
(
fαβc j
c±(σ1) δ12 ± δαβ δ′12
)
,
{ja±(σ1), Jβ±(σ2)}P.B. =
2
k
faβγ J
γ
±(σ1)δ12 ,
(3.4)
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where the currents
j± = A± − A∓ , J± = λ−1B± − B∓ . (3.5)
Note that there is the first class constraint
χ = j+ + j− ≈ 0 . (3.6)
Since {χa(σ1), χb(σ2)}P.B. ≈ 0 this corresponds to the residual gauge symmetry. Before
we proceed to the computation of the Poisson brackets of (3.3) we could also include
χ into the spatial Lax matrix as6
L˜1 = L1 + ̺(λ, z) χ , (3.7)
where ̺ is an arbitrary, Lagrange multiplier type, function of λ and z to be later de-
termined. We can now compute the Poisson brackets of L˜1 and after some tedious
algebra we obtain the weak analogue of the r/s Maillet form (1.3), namely that
{L˜(1)1 (σ1; z), L˜(2)1 (σ2;w)}P.B. ≈
(
[r−zw, L˜
(1)
1 (σ1; z)] + [r+zw, L˜
(2)
1 (σ2;w)]
)
δ12 − 2szwδ′12 ,
(3.8)
where
r±zw → rsub±zwΠsub + rcoset±zw Πcoset , Πsub = ∑
a
ta ⊗ ta , Πcoset = ∑
α
tα ⊗ tα ,
rsub+zw =
2(z2 − λ−1)(w2 − λ)
k(z2 − w2)(λ− λ−1) −
2̺(λ, z)
k
, rcoset+zw =
2w(z2 − λ−1)(z2 − λ)
kz(z2 − w2)(λ− λ−1) ,
rsub−zw = −rsub+wz , rcoset−zw = −rcoset+wz .
(3.9)
The above expressions are not apparently invariant under the symmetry of the model
λ→ λ−1 , k → −k , (3.10)
as they transform as
rsub±zw → rsub±zw ± 2
1+ ̺(λ−1, z) + ̺(λ, z)
k
, rcoset±zw → rcoset±zw . (3.11)
6This idea was employed in [22] and further developed in [23], in the context of the classical ex-
change algebra for the pure-spinor superstring on AdS5 × S5 [24].
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Let us now check if the modified Yang–Baxter equation (1.4) is satisfied for (3.9), yield-
ing that
[r
(13)
+z1z3
, r
(12)
−z1z2 ] + [r
(23)
+z2z3
, r
(12)
+z1z2
] + [r
(23)
+z2z3
, r
(13)
+z1z3
]
= c1(z1,2) fabcta ⊗ tb ⊗ tc + c2(z1,2) faβγtβ ⊗ tγ ⊗ ta ,
(3.12)
where
c1(z1,2) =
2
k
(
−̺(λ, z2)rsub+z1z2 + ̺(λ, z1)
(
rsub−z1z2 −
2
k
̺(λ, z2)
))
, (3.13)
c2(z1,2) =
2
k
(−̺(λ, z2)rcoset+z1z2 + ̺(λ, z1)rcoset−z1z2)− 4λ(z1 − λ−1z−11 )(z2 − λ−1z−12 )k2(λ− λ−1)2 .
The non-vanishing right hand side (3.12) can be attributed to the residual gauge symm-
etry of the subgroup. A similar situation was encountered in [24] where the Maillet
algebra was computed in the presence of Wilson lines among the inserted operators.
The presence of the Wilson lines leads to non-trivial monodromy properties and the
Jacobi identity is weakly satisfied. Another similar situation has appeared before in
studies of parafermions [25, 26].7
In order, to proceed we demand that the mYB equation is satisfied, i.e. c1,2(z1,2) =
0. These two conditions determine ̺(λ, z1) and ̺(λ, z2). It turns out that they both
originate from the following two solutions
̺1(λ, z) =
λ−1 − z2
λ− λ−1 or ̺2(λ, z) =
z−2 − λ
λ− λ−1 , (3.14)
which satisfy ̺1(λ
−1, z−1) = ̺2(λ, z), hence we analyze the above results only for ̺1.
Then (3.9) simplifies to
rsub+zw =
2λ(z2 − λ−1)(z2 − λ)
k(z2 −w2)(λ− λ−1) , r
coset
+zw =
2w(z2 − λ−1)(z2 − λ)
kz(z2 − w2)(λ− λ−1) , (3.15)
which is now invariant under the symmetry (3.10).
This result admits a twist function description [27]
rsub+zw = −
2z2
z2 −w2 ϕ
−1
λ (z) , r
coset
+zw = −
2zw
z2 −w2 ϕ
−1
λ (z) , (3.16)
7We would like to thank Sakura Schäfer-Nameki for discussions on this point.
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where ϕλ(z) is given by [12]
ϕλ(z) = − kz
2(λ− λ−1)
(z2 − λ)(z2 − λ−1) , (3.17)
with poles of order one at
z1± = ±λ−1/2 , z2± = ±λ1/2 , (3.18)
provided that λ 6= 0. A comment is in order regarding the twist function description
(3.16). Demanding that (3.9) takes the form of (3.16), fixes ̺ and ϕλ(z) to the value ̺1
in (3.14) and (3.17), respectively.
Evaluating the spatial Lax matrix (3.7) and szw at these poles we obtain that
L˜1(z1±) = j+ ± J+ , L˜1(z2±) = −j− ∓ J− ,
ssubz1±z1± = −
1
k
, ssubz2±z2± =
1
k
, ssubz1±z1∓ = −
1
k
, ssubz2±z2∓ =
1
k
,
scosetz1±z1± = −
1
k
, scosetz2±z2± =
1
k
, scosetz1±z1∓ =
1
k
, scosetz2±z2∓ = −
1
k
,
ssubz1±z2± = 0 = s
sub
z1±z2∓ , s
coset
z1±z2± = 0 = s
coset
z1±z2∓ .
(3.19)
Plugging the above in the Maillet brackets (3.8), we uncover the current algebra (3.4).
Let us mention that for λ = 0, these expressions drastically simplify to
L˜1 = −j− , rsub+zw =
2z2
k(z2 − w2) , r
coset
+zw =
2zw
k(z2 − w2) , s
sub
zw =
1
k
, scosetzw = 0
(3.20)
and the non-ultralocal term is partially removed in the subgroup part of the algebra
[28, 12].
3.2 The isotropic Gk1 × Gk2/Gk1+k2 coset space
As a second example we consider the isotropic λ-deformed Gk1 × Gk2/Gk1+k2 coset
space. This has been proved to be integrable as it admits a flat Lax connection [29].
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The action of this model reads [29]
Sk,λ = SWZW,k1(g1) + SWZW,k2(g2)
+
k
π
∫
∂B
d2σ Tr
[
s1 J1+Λ
−T
12
(
(1− λ)(s1 J1− + s2 J2−)− 4s1s2λ(DT2 − 1)J1−
)
+ s2 J2+ Λ
−T
21
(
(1− λ)(s1 J1− + s2 J2−)− 4s1s2λ(DT1 − 1)J2−
) ]
.
(3.21)
with
Λ12 = 4λs1s2(D1 − 1)(D2 − 1) + (λ− 1) (s1D1 + s2D2− 1)) ,
si =
ki
k
, k = k1 + k2 , i = 1, 2 .
(3.22)
Its equations of motion take the form of
∂+Â− − ∂+Â− = [Â+, Â−] + (α2 + β)[B+ ,B−] ,
∂±B∓ = −[B∓, Â±] ,
(3.23)
where
Â± = A± + αB± , A± = 1
2
(A1± + A2±) , B± = 1
2
(A1± − A2±) , (3.24)
with
α = − (s1 − s2)(1− λ)
1− λ−1f λ
, β =
1+ λ− 2(1− 4s1s2)λ2
λ(1− λ−1f λ)
, λ−1f = 1− 8s1s2 . (3.25)
and
A1+ = iΛ
−1
21 ((1− λ)(s1 J1+ + s2 J2+)− 4s1s2λ(D2 − 1)J1+) ,
A2+ = iΛ
−1
12 ((1− λ)(s1 J1+ + s2 J2+)− 4s1s2λ(D1 − 1)J2+) ,
A1− = −iΛ−T12
(
(1− λ)(s1 J1− + s2 J2−)− 4s1s2λ(DT2 − 1)J1−
)
,
A2− = −iΛ−T21
(
(1− λ)(s1 J1− + s2 J2−)− 4s1s2λ(DT1 − 1)J2−
)
.
(3.26)
The system of equations (3.23) admits a flat Lax connection [29]
L± = Â± + z±1
√
α2 + βB± = A± +
(
α+ z±1
√
α2 + β
)
B± , z ∈ C . (3.27)
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Using the above we build the spatial Lax matrix
L1 =
1
2
(
(1+ α)A1|1 + (1− α)A2|1
)
+
√
α2 + β
(
zB+ − z−1B−
)
, (3.28)
where Ai|1 = Ai+ − Ai−. To evaluate (1.2), we need the Poisson brackets of Ai±
which in turn can be obtained from two commuting copies of current algebras (2.25),
where [29]
J1+ =
1
2s1
(λ−1 − 1)B+ + A1|1 , J1− =
1
2s1
(λ−1 − 1)B+ − A1|1 ,
J2+ = − 1
2s2
(λ−1 − 1)B+ + A2|1 , J2− = −
1
2s2
(λ−1 − 1)B+ − A2|1 .
(3.29)
To proceed we define the subgroup generators H±
H± = 1
2
(s1 J1± + s2 J2±) , (3.30)
or equivalently through (3.29)
H± = ±1
2
(
s1A1|1 + s2A2|1
)
. (3.31)
Similarly to (3.6), we find a first class constraint
χ = H+ +H− ≈ 0 . (3.32)
Since {χA(σ1), χB(σ2)}P.B. ≈ 0, we have again a residual gauge symmetry. Before we
proceed to the derivation of the Poisson brackets of (3.28), we include χ into the spatial
Lax matrix as in (3.7)
L˜1 = L1 + ̺(λ, z) χ . (3.33)
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Then we express L˜1 or equivalently Ai|1,B± in terms of Ji±.8 We are in position to
compute the Poisson brackets of L˜1 and for simplicity we start with the equal level
case.
The equal level case
Plugging the spatial Lax matrix (3.33) into the Maillet algebra (3.8), we find
r±zw → r±zwΠ , Π = ∑
A
tA ⊗ tA ,
r+zw =
1
k
(
2(z−√λ)(z2 − λ−1)(w+√λ)
z(z−w)(λ− λ−1) − ̺(λ, z)
)
, r−zw = −r+wz .
(3.34)
The above expression transforms under the symmetry (3.10), as
r+zw → r+zw +
2− 2
√
λ
1+λ (z+ z
−1) + ̺(λ−1, z) + ̺(λ, z)
k
. (3.35)
Then we plug (3.34) into the mYB equation (1.4), yielding
[r
(13)
+z1z3
, r
(12)
−z1z2 ] + [r
(23)
+z2z3
, r
(12)
+z1z2
] + [r
(23)
+z2z3
, r
(13)
+z1z3
] = c(z1,2) fABC tA ⊗ tB ⊗ tC ,
c(z1,2) =
1
k
(̺(λ, z1)r−z1z2 − ̺(λ, z2)r+z1z2)−
1
k2
̺(λ, z1)̺(λ, z2) .
(3.36)
Let us now demand the right hand side of (3.36) vanishes for every z1,2, i.e. c(z1,2) = 0.
Demanding that this condition is satisfied in the limit z2 → z1 = z, yields a first order
differential equation for ̺(λ, z) with respect to z which has the following solution
̺(λ, z) = − 2(z−
√
λ)(z2 − λ−1)
z(λ− λ−1 − 2λ−1(z+√λ) f (λ)) , (3.37)
8 We first rewriteH+ in (3.31) as
H+ = 1
2
A1|1 − s2 (B+ −B−) ,
and we also note that (3.31) can be also used to express A2|1 in terms of A1|1 as
A2|1 =
1
s2
(
2H+ − s1A1|1
)
.
Using the above, (3.30) and J1±’s in (3.29), we can write (B±, A1|1) in terms of (J1±, J2+). Therefore, the
L˜1 is expressed on the Ji± basis.
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where f (λ) is a λ-dependent integration constant. Plugging the above into c(z1,2) in
(3.36), we find that it is satisfied for every z1,2. Then we use (3.37) and we find that
(3.34) is invariant under the symmetry (3.10), provided that
f (λ) = λ−1/2(1+ λ−1)
λ4 − h(λ)
2λ2
, with h(λ)h(λ−1) = 1 . (3.38)
For simplicity we pick up the integration constant to be f (λ) = 0, a choice which is
also justified by the results that follow. This choice leads to
̺(λ, z) = −2(z−
√
λ)(z2 − λ−1)
z(λ− λ−1) (3.39)
and
r+zw =
2(z2 − λ)(z2 − λ−1)
kz(z− w)(λ− λ−1) , r−zw = −r+wz . (3.40)
The above expression can be written in terms of a twist function ϕλ(z) [30]
r+zw = − 1
z−w ϕλ(z)
−1 , (3.41)
where
ϕλ(z) = − kz(λ− λ
−1)
2(z2 − λ−1)(z2 − λ) . (3.42)
The meromorphic twist function (3.42) has four poles of order one at
z1± = ±λ−1/2 , z2± = ±λ1/2 , (3.43)
provided that λ 6= 0. Evaluating the spatial Lax matrix (3.33) and szw at (3.43), using
also (3.39), we obtain
L˜1(z1+) = J1+ , L˜1(z1−) = J2+ , L˜1(z2+) = −J1− , L˜1(z2−) = −J2− ,
sz1±z1± = −
2
k
, sz2±z2± =
2
k
, sz1±z1∓ = 0 = sz2±z2∓ , sz1±z2± = 0 = sz1±z2∓ .
(3.44)
Employing the above in theMaillet brackets (3.8), we obtain the current algebra (2.25).
At λ = 0, the expressions drastically simplify respectively to
L˜1 = −1
2
(J1− + J2−) , r+zw =
2z
z−wszw , szw =
1
k
, (3.45)
so the non-ultralocal term δ′12 is partially removed [28].
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Finally, two comments are in order regarding the twist function description (3.41).
Firstly, demanding that (3.34) takes the form (3.41), uniquely fixes ̺ and ϕλ(z) to the
values (3.39) and (3.42) respectively. This property will be the guideline in the unequal
level case which follows. Secondly, it was argued in [30], using the results of [31],
that the one-parameter deformation of the coset σ-model G× G/Gdiag admits such a
description in terms of the twist function (see Eq.(3.3) of [30])
ϕYB(z) =
16Kz
(1− z2)2 + η2(1+ z2)2 , (3.46)
which after the analytic continuation
η = i
1− λ
1+ λ
,
8iK
η
= k , (3.47)
(3.46) maps to (3.42). Such a mapping is expected since the λ and the η deformations
are related up to a Poisson–Lie T-duality and an analytic continuation, as the one in
(3.47) (see [32–36]).
The unequal level case
Upon inserting the spatial Lax matrix (3.33) into the Maillet algebra (3.8), we require
that r±zw can be expressed in terms of twist function description as in (3.41), which
automatically satisfies the mYB (1.4). This is an arduous task whose end result takes
the form
ϕλ(z) =
1
ζ2
8ks1s2ξz
z4 + 1+ 4ξ2
s21−s22
ζ z(z
2 + 1) +
(
2+ 4
(s21−s22)2ξ4−1
ζ2
)
z2
,
ζ = 8s1s2
√
λ(1− λ−11 λ)(1− λ−12 λ)(1− λ−13 λ)
(1− λ−1f λ)2
, ξ =
1− λ
1− λ−1f λ
,
λ1 =
1
s2 − 3s1 , λ2 =
1
s1 − 3s2 , λ3 =
1
(s1 − s2)2 , λ
−1
f = 1− 8s1s2 .
(3.48)
For equal levels the above expressions are in agreement with (3.42). The twist function
(3.48) is invariant under the remarkable transformation [29]
λ→ 1− (s1 − s2)
2λ
(s1 − s2)2 − λ−1f λ
, k1 → −k1 , k2 → −k2 , (3.49)
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as one can readily check using the induced transformations (ξ, ζ) → (−ξ, ζ).
The meromorphic twist function (3.48) has four poles of order one at
z1± = ±ζ−1(1∓ (s1 − s2)ξ)(1+ ξ) , z2± = ±ζ−1(1± (s1 − s2)ξ)(1− ξ) , (3.50)
provided that ζ 6= 0 or equivalently that λ is different from the CFT points [29]
λ 6= {0, λ1, λ2, λ3} . (3.51)
Evaluating the spatial Lax matrix (3.33) and szw at the poles (3.50), we obtain
L˜1(z1+) = J1+ , L˜1(z1−) = J2+ , L˜1(z2+) = −J1− , L˜1(z2−) = −J2− ,
sz1+z1+ = −
1
k1
sz1−z1− = −
1
k2
, sz2+z2+ =
1
k1
sz2−z2− =
1
k2
,
sz1±z1∓ = 0 = sz2±z2∓ , sz1±z2± = 0 = sz1±z2∓ .
(3.52)
Using the above in the Maillet brackets (3.8), we readily obtain the current algebra
(2.25). At the CFT points (3.51), the expressions for the spatial Lax and rzw drastically
simplify to
L˜1 =
{
−s1 J1− − s2 J2− , s1 J1+ + s2 J2−s1 − s2 ,−
s1 J1− + s2 J2+
s1 − s2 , s1 J1+ + s2 J2+
}
,
r+zw =
2z
z−wszw , szw =
{
1
k
,
1
k2 − k1 ,
1
k1 − k2 ,−
1
k
}
, k = k1 + k2 ,
(3.53)
in the ordering of CFT points given by (3.51). Therefore, the non-ultralocal term δ′12 is
partially removed at the CFT points (3.51).
Finally, three comments are in order regarding the twist function description (3.48):
1. The above twist function (3.48) matches the twist function for the two parame-
ter deformation of G× G/Gdiag, or equivalently the bi-Yang–Baxter model, see
Eq.(3.8) of [30]
ϕbi-YB(z) =
1
ζ2
16Kz
z4 + 1+
η2−η˜2
ζ z(z
2 + 1) +
(
2+
(η2−η˜2)2−16
4ζ2
)
z2
,
ζ =
√(
1+
1
4
(η − η˜)2
)(
1+
1
4
(η + η˜)2
)
,
(3.54)
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up to the analytic continuation
η = 2is2ξ , η˜ = 2is1ξ , K =
1
2
ks1s2ξ . (3.55)
Agreementwith the one parameter deformation of the coset σ-modelG×G/Gdiag
of Eqs.(3.46), (3.47) is found for η˜ = η.
2. Using the results of [31,30] along with (3.55), the monodromy matrix when eval-
uated at the poles zi± generates a q-deformed Poisson algebra with
q1 = e
−i/k1 , q2 = e−i/k2 , (3.56)
being roots of unity [6].
3. Using Eq.(4.9) of [29] and (3.55), we can find the RG flows for two-parameter
deformed G× G/Gdiag
dη
dt
=
cG η
32K
(
1+
1
4
(η+ η˜)2
)(
1+
1
4
(η− η˜)2
)
,
d
dt
(
η
η˜
)
= 0 ,
d
dt
( η
K
)
= 0 ,
(3.57)
where t = ln µ2 is the logarithmic RG scale. Please note that (3.57) is in agree-
ment with the RG flows of the bi-Yang–Baxter model, Eq.(4.9) of [34].9
4 More on group spaces
In this section we study the strong integrability of the most general λ-deformation
with n commuting current algebras at different levels [37].10 The action of this inte-
grable model is given by Eqs.(2.13), (3.2) in [37]. In particular, for small values of the
deformation parameters, the action describes mutual and self-interactions
Ski ,λ =
n
∑
i=1
SWZW,ki(gi) +
n
∑
i,j=1
√
kikj
∫
∂B
d2σ Tr
[
Ji+
(
λ−1
)−1
ij
Jj−
]
+ · · · , (4.1)
9Under the redefinitions (η, η˜,K)→ (2η, 2ζ, 18t ) and for c2 = −1 (complex branch).
10 A perhaps related class of integrable σ-models was recently constructed in [38, 19], based on [39],
following a Hamiltonian approach. The precise relation to the models of [37] remains to be elucidated.
20
where
(
λ−1
)−1
ij
6= λij, since the inverse in λ−1 is taken in the group space, whereas(
λ−1
)−1
ij
in the space of couplings. Also, the dots denote subleading terms in the
small λ-expansion. Using the Lax matrices, which were given in Eqs.(3.15)-(3.22) of
the aforementioned work, we find that the corresponding spatial parts take theMaillet
r/s-algebra (1.3) with
r+zw = − 2zw(z− 1/
√
k1)
(z− w)(d+ d1(z)) , r−zw = −r+wz ,
rˆ+zw =
2zw(z− 1/√kn)
(z− w)(dˆ+ dˆ1(z))
, rˆ−zw = −rˆ+wz ,
(4.2)
where (d, d1; dˆ, dˆ1) were given in Eqs.(3.15), (3.19), (3.20), (3.22) of [37].
11 As a consi-
stency check we have verified that the mYB equations (1.4) are satisfied.
To analyze the underlying symmetries we rewrite (4.2) in terms of the meromo-
rphic twist functions (ϕλ, ϕ̂λ) as in (2.12), where
ϕ−1λ (z
−1) = −z− 1/
√
k1
d+ d1(z)
, ϕ̂−1λ (z
−1) =
z− 1/√kn
dˆ+ dˆ1(z)
, (4.3)
with poles of order one respectively at
ϕ−1λ (z
−1) = 0 =⇒ z1 = 1√
k1λ11
, · · · , zn−1 = 1√
kn−1λ(n−1)1
, zn =
1√
k1
,
ϕ̂−1λ (z
−1) = 0 =⇒ zˆ1 = 1√
kn
, zˆ2 =
1√
k2λn2
, · · · , zˆn = 1√
knλnn
.
(4.4)
Evaluating the spatial Lax matrix and szw at the poles we obtain
L1(z1) = −J1− , · · · , L1(zn−1) = −J(n−1)− , L1(zn) = J1+ ,
L̂1(zˆ1) = −Jn− , L̂1(zˆ2) = J2+ , · · · , L̂1(zˆn) = Jn+ ,
sz1z1 =
1
k1
, · · · , szn−1zn−1 =
1
kn−1
, sznzn = −
1
k1
,
sˆzˆ1zˆ1 =
1
kn
, sˆzˆ2zˆ2 = −
1
k2
, · · · , sˆzˆn zˆn = −
1
kn
,
szizj = 0 = sˆzˆi zˆj , when i 6= j .
(4.5)
11The two coupling case studied in [40], can be obtained as a special case of (4.2) and the remaining
equations of this section for n = 2.
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Using the above in the Maillet bracket (1.3), we readily obtain n commuting copies of
the current algebra (2.25).
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